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Abstract. This paper introduces a general market modeling framework, the
benchmark approach, which assumes the existence of the num¶ eraire portfolio.
This is the strictly positive portfolio that when used as benchmark makes
all benchmarked nonnegative portfolios supermartingales, that is intuitively
speaking downward trending or trendless. It can be shown to equal the Kelly
portfolio which maximizes expected logarithmic utility. In several ways the
Kelly or num¶ eraire portfolio is the \best" performing portfolio and cannot be
outperformed systematically by any other nonnegative portfolio. Its use in
pricing as num¶ eraire leads directly to the real world pricing formula, which
employs the real world probability when calculating conditional expectations.
In a large regular ¯nancial market, the Kelly portfolio is shown to be
approximated by well diversi¯ed portfolios.
JEL Classi¯cation: G10, G13
1991 Mathematics Subject Classi¯cation: primary 90A12;
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The classical asset pricing theories, as developed in Debreu (1959), Sharpe (1964),
Lintner (1965), Merton (1973a, 1973b), Ross (1976), Harrison & Kreps (1979),
Constantinides (1992) and Cochrane (2001) represent forms of relative pricing,
since the existence of an equivalent risk neutral probability measure is typically
requested. However, relative pricing ignores in the long run the presence of the
equity premium.
This paper presents an extension of classical risk neutral pricing in a general
modeling framework, the benchmark approach, where a form of absolute pric-
ing naturally emerges, see Platen (2002, 2006) and Platen & Heath (2006). The
benchmark represents here the \best" performing, strictly positive, tradable port-
folio, which turns out to be the Kelly portfolio, see Kelly (1956). Most results we
present can be stated in a model independent manner. The benchmark approach
only requires the existence of the benchmark, playing the role of the num¶ eraire
portfolio, originally discovered in Long (1990). The benchmark approach with
the Kelly portfolio as benchmark is directly applicable in portfolio optimization
and covers a wider modeling world than classical theories allow.
We will see that nonnegative portfolios, when denominated in units of the bench-
mark are supermartingales. This supermartingale property has been already
observed for particular settings, for instance, in Long (1990), Bajeux-Besnainou
& Portait (1997), Becherer (2001), Platen (2002), BÄ uhlmann & Platen (2003),
Platen & Heath (2006), Karatzas & Kardaras (2007) and Kardaras & Platen
(2008b). For the purpose of pricing, the inverse of the benchmark plays the role
of the stochastic discount factor in the language of Cochrane (2001). Within this
paper there will be no major additional assumption made beyond the request on
the existence of a num¶ eraire portfolio. A series of fundamental results follows
from this assumption by a few basic arguments. Some of these describe \best"
performance properties of the Kelly portfolio which underline its fundamental
importance in investing.
In Platen & Heath (2006) the benchmark approach has been described for jump-
di®usion markets. Probably the most striking feature of the rich benchmark
framework is the possible co-existence of several self-¯nancing portfolios that may
perfectly replicate one and the same payo®. The presence of di®erent replicating
portfolios is not consistent with the classical Law of One Price. The proposed
Law of the Minimal Price identi¯es for a given contingent claim the corresponding
minimal replicating portfolio process, which characterizes also in an incomplete
market the economically correct price process.
The Law of the Minimal Price yields directly the real world pricing formula, where
the expectation is taken with respect to the real world probability measure and
the Kelly portfolio appears as the num¶ eraire. No change of probability measure
is performed under real world pricing which extends the classical risk neutral
2approach. Consequently, the request on the existence of an equivalent risk neutral
probability measure is here avoided and a much wider modeling world is available.
The real world pricing formula generalizes the risk neutral pricing formula, as well
as, the actuarial pricing formula. These formulae represent the central pricing
rules in their respective streams of literature and nothing else is here requested
than the existence of the Kelly portfolio.
The fact that the Law of One Price does not hold does not create strong arbitrage
opportunities in the sense of this paper. We will see that there is no economic
reason to exclude any weaker form of arbitrage as under the classical no-arbitrage
approach.
A Diversi¯cation Theorem will be derived along the lines of Platen (2005). It
states that any diversi¯ed portfolio in a regular ¯nancial market approximates
the Kelly portfolio. This makes the benchmark approach rather practical and
allows one to interpret a well-diversi¯ed portfolio as proxy for the Kelly portfolio.
For further results on the benchmark approach the reader is referred to Platen &
Heath (2006).
The remainder of the paper is organized as follows: It introduces the num¶ eraire
portfolio in Section 2. Section 3 derives various manifestations of \best" per-
formance for the Kelly portfolio. The Law of the Minimal Price is proposed in
Section 4. In Section 5 we discuss the concept of real world pricing. Section 6
introduces a strong form of arbitrage. Finally, Section 7 provides a version of the
Diversi¯cation Theorem.
2 Benchmark Approach
Along the lines of Platen (2002, 2006) and Platen & Heath (2006) we consider a
general ¯nancial market in continuous time with d risky, nonnegative, primary se-
curities, d 2 f1;2;:::g. These securities could be, for instance, shares, currencies
or other traded securities. Denote by S
j
t the value of the corresponding jth pri-
mary security account, j 2 f0;1;:::;dg, at time t ¸ 0. This nonnegative account
holds units of the jth primary security together with all dividends or interest
payments reinvested. The 0th primary security account S0
t denotes the value of
the locally riskless savings account at time t ¸ 0. The dynamics of the primary
security accounts need not be speci¯ed when formulating the main statements.
The market participants can form self-¯nancing portfolios with primary security
accounts as constituents. A portfolio value S±
t at time t is described by the number
±
j
t of units held in the jth primary security account S
j
t for all j 2 f0;1;:::;dg,
t ¸ 0. For simplicity, assume that the units of the primary security accounts are




given strategy ± = f±t = (±0
t;±1
t;:::;±d
t)>, t ¸ 0g, depend only on information











We consider only self-¯nancing portfolios where changes in their value are only
due to changes in the values of the primary security accounts. We neglect any
market frictions or liquidity e®ects.
By V+
x denote the set of all strictly positive, ¯nite, self-¯nancing portfolios with
initial capital x > 0. The benchmark approach employs a very special strictly
positive portfolio as benchmark, which we denote by S±¤ 2 V+
x . Later it will
become apparent that it is the Kelly portfolio, see Kelly (1956), which is in several
ways the \best" performing strictly positive tradable portfolio. On the other
hand, it will turn out that it is also the natural num¶ eraire , see Long (1990), for
pricing any type of claim when employing the real world probability for calculating
the respective conditional expectation in the resulting pricing formula.
Let Et(X) denote the conditional expectation under the real world probability
measure P given the information available at time t ¸ 0.
De¯nition 2.1 For given x > 0, a strictly positive, ¯nite, self-¯nancing port-
folio S±¤ 2 V+
x is called a num¶ eraire portfolio if all nonnegative portfolios S±,
when denominated in units of S±¤, are supermartingales.
The notion of a num¶ eraire portfolio was originally introduced by Long (1990) in
a rather special setting. Later it was generalized in Bajeux-Besnainou & Portait
(1997) and Becherer (2001). These authors worked under classical no-arbitrage
assumptions that are consistent with the existence of an equivalent risk neutral
probability measure, see Delbaen & Schachermayer (1998). More recently, Platen
(2002), BÄ uhlmann & Platen (2003), Platen & Heath (2006) and Platen (2006)
emphasized that in a more general setting one still obtains a viable ¯nancial
market model, as long as a num¶ eraire portfolio exists. Also Fernholz & Karatzas
(2005), Karatzas & Kardaras (2007) and Kardaras & Platen (2008b) consider
¯nancial market models beyond the classical no-arbitrage framework.
To provide a basis, let us formulate the only major assumption of the paper:
Assumption 2.2 For given x > 0, there exists a num¶ eraire portfolio S±¤ 2
V+
x .
This assumption is satis¯ed for a wide range of ¯nancial market models used
in practice. For instance, in Platen & Heath (2006) it has been veri¯ed for
jump-di®usion markets. Karatzas & Kardaras (2007) and Kardaras & Platen
4(2008b) con¯rm the validity of Assumption 2.2 for a wide range of semi-martingale
markets.
Now, under the benchmark approach we choose the num¶ eraire portfolio as bench-
mark. The benchmarked value ^ S±









for all t ¸ 0. De¯nition 2.1 leads by Assumption 2.2 directly to the following
conclusion:
Corollary 2.3 The benchmarked value ^ S±
t of any nonnegative portfolio S± sat-










for all 0 · t · s < 1.
Consequently, the currently observed benchmarked value of a nonnegative port-
folio is always greater than or equal to its expected future benchmarked value.
This means intuitively, if there were any trend in a benchmarked nonnegative
portfolio, then this trend could only point downward.
The supermartingale property (2.1) is the fundamental property of a ¯nancial
market. For instance, it yields easily the uniqueness of the benchmark by the
following argument: Consider two strictly positive portfolios that are supposed
to be num¶ eraire portfolios. According to Corollary 2.3 the ¯rst portfolio, when
expressed in units of the second one, must satisfy the supermartingale property
(2.1). By the same argument, the second portfolio, when expressed in units
of the ¯rst one, must also satisfy the supermartingale property. Consequently,
by Jensen's inequality the portfolios have to be identical, and the value process
S±¤ 2 V+
x of a num¶ eraire portfolio is unique. Note that the stated uniqueness
does not imply that the number of units invested has to be unique, which is due
to potential redundancies in primary security accounts.
3 Best Performance of the Benchmark
In this section we list several manifestations of the fact that our benchmark S±¤
is the \best" performing, strictly positive, tradable portfolio and equals the Kelly
portfolio:
53.1 Num¶ eraire Portfolio
First, the de¯nition of the num¶ eraire portfolio S±¤ itself, given by De¯nition 2.1,
expresses the fact that this portfolio performs \best" in the sense that the ex-
pected returns of benchmarked nonnegative portfolios never become strictly pos-
itive.
3.2 Kelly Portfolio
As a second manifestation of \best" performance, we derive the growth optimality
of the benchmark, which identi¯es it very generally as the Kelly portfolio, a fact
that has been documented for special models in the literature, for instance, in
Long (1990). The expected growth g±
t;h of a strictly positive portfolio S± over the




















To identify the strictly positive portfolio that maximizes the expected growth,
let us perturb at time t ¸ 0, the investment in a given strictly positive portfolio
S± 2 V+
x , x > 0, by some small fraction " 2 (0; 1
2) of some nonnegative portfolio
S±. For analyzing the changes in the expected growth of the perturbed portfolio























for t;h ¸ 0. Obviously, if the portfolio that maximizes expected growth coincides
in (3.1) with the portfolio S±, then the resulting derivative of expected growth
will never be greater than zero for all nonnegative portfolios S±. This leads to
the following de¯nition of growth optimality:
De¯nition 3.1 A strictly positive portfolio S± is called growth optimal if the
corresponding derivative of expected growth is less than or equal to zero for all











for all t, h ¸ 0.
6Note that this de¯nition is di®erent to the classical characterization of the Kelly
portfolio or growth optimal portfolio. In the literature it is typically based on
the maximization of expected logarithmic utility from terminal wealth, as used
in Kelly (1956) and later also employed in a stream of literature, including La-
tan¶ e (1959), Breiman (1960), Hakansson (1971), Merton (1973a), Roll (1973) and
Markowitz (1976), among many others. It is clear from De¯nition 3.1 and the
standard log-utility de¯nition of the Kelly portfolio, see for instance Kelly (1956)
and Thorp (1972), that the above growth optimal portfolio equals the Kelly port-
folio. The following result provides a convenient method for the identi¯cation of
the benchmark or num¶ eraire portfolio in a given investment universe by searching
for its Kelly portfolio.
Theorem 3.2 The num¶ eraire portfolio is growth optimal.
Proof: For " 2 (0; 1
2), two consecutive times t and t + h with h > 0, and a
nonnegative portfolio S±, with S±




















































































t;h > 0 one obtains from (3.3) for A±
t;h ¡ A
±¤
t;h ¸ 0 the inequality
G
±"




t;h < 0, because of " 2 (0; 1
2) and A±
































































































This proves by De¯nitions 2.1 and 3.1 that the num¶ eraire portfolio S±¤ is growth
optimal. ¤
3.3 Long Term Growth
To formulate a third manifestation of \best" performance for the benchmark,
















The long term growth rate (3.8) is de¯ned pathwise almost surely and does not
involve any expectation. By exploiting the supermartingale property (2.1), the
following fascinating property of the Kelly portfolio will be shown very generally
below.
Theorem 3.3 The num¶ eraire portfolio S±¤ 2 V+
x achieves the maximum long
term growth rate. This means, when compared with any other strictly positive
portfolio S± 2 V+




Proof: Similar as in Karatzas & Shreve (1998) consider a strictly positive port-
folio S± 2 V+




0 = x > 0. By Corollary 2.3 we can use the following maximal






































8By the Borel-Cantelli lemma, see Shiryaev (1984), there exists a random variable
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Since the inequality (3.10) holds for all " 2 (0;1) one obtains with (3.8) the rela-
tion (3.9). ¤
According to Theorem 3.3, the trajectory of the Kelly portfolio outperforms in
the long run those of all other strictly positive portfolios that start with the same
initial capital. This property is independent of any model choice and, therefore,
very robust. An investor, who is aiming in the long run for the highest possible
wealth, has to invest her or his total tradable wealth into the Kelly portfolio.
3.4 Systematic Outperformance
Over short and medium time horizons, almost any strictly positive portfolio can
generate larger returns than those exhibited by the Kelly portfolio. However,
the fourth manifestation of \best" performance will show that such short term
outperformance cannot be achieved systematically. To formulate a corresponding
statement properly we will employ the following de¯nition:
De¯nition 3.4 A nonnegative portfolio S± systematically outperforms a strictly
positive portfolio S
~ ± if




(ii) at a later time t the portfolio value S±






t) = 1, and
(iii) the probability for S±
t being strictly greater than S
~ ±









9Systematic outperformance of one portfolio by another one is possible under the
benchmark approach, see Platen & Heath (2006). The above notion of system-
atic outperformance was introduced in Platen (2004) and was motivated by the
supermartingale property (2.1). It relates in some sense to the notion of relative
arbitrage, later studied in Fernholz & Karatzas (2005), and also to the notion of
a maximal element earlier employed in Delbaen & Schachermayer (1998). The
following result presents a fourth manifestation of \best" performance of the
benchmark:
Theorem 3.5 The num¶ eraire portfolio cannot be systematically outperformed
by any nonnegative portfolio.
Proof: Consider a nonnegative portfolio S± with benchmarked value ^ S±
t = 1 at
a given time t ¸ 0, where ^ S±
s ¸ 1 almost surely at some later time s 2 [t;1).
















Since one has ^ S±
s ¸ 1 almost surely and Et(^ S±
s) · 1, it can only follow that
^ S±
s = 1. This means that one has at time s the equality S±
s = S±¤
s almost surely.
Therefore, according to De¯nition 3.4 the portfolio S± does not systematically
outperform the num¶ eraire portfolio. ¤
As a consequence of Theorem 3.5 one can conclude that in the given very gen-
eral modeling setting, no active fund manager can systematically outperform the
benchmark. On the other hand, if the market portfolio is not the num¶ eraire
portfolio, which is most likely the case, and a fund approximates well the Kelly
portfolio, then this fund will not be outperformed systematically by the market
portfolio or any other signi¯cantly di®erent portfolio. In the long run its path
will by property (3.8) beat the path of the market portfolio almost surely.
There are further manifestations of \best" performance of the Kelly portfolio.
For instance, in Kardaras & Platen (2008a), it is shown that the Kelly portfolio
minimizes some expected market time to reach a given wealth level. Results in
this direction can be found, for instance, in Browne (1998).
4 The Law of the Minimal Price
The fundamental supermartingale property (2.1) ensures that the maximum ex-
pected return of a benchmarked nonnegative portfolio can at most equal zero. In
the case when it equals zero for a given benchmarked price process for all time
instances, then the current benchmarked value of the price is always the best
10forecast of its future benchmarked values. In this case one has equality in rela-
tion (2.1) and we call such a price process fair. A benchmarked fair price process
forms a martingale. In general, not all primary security accounts and portfolios
need to be fair under the benchmark approach. This is the key property that
di®erentiates this approach from the classical approaches. For instance, there
may exist benchmarked portfolios that form local martingales but are not true
martingales, as is extensively discussed in Platen & Heath (2006). Furthermore
note that nonnegative fair price processes are somehow minimal, as we shall see
below.
It may be puzzling to some readers that discounting with another discount factor
than the savings account ought to lead to \fair" prices or could be particularly
meaningful. Below we will give a valid reason why the Kelly portfolio is the
\universal currency" that should be used for discounting when pricing under the
real world probability. It stems from the fact that the Kelly portfolio represents
the best performing portfolio and, thus, the natural num¶ eraire for valuation when
the real world probability measure for calculating expectations.
The following Law of the Minimal Price substitutes the widely postulated classical
Law of One Price, which no longer holds in our general setting:
Theorem 4.1 (Law of the Minimal Price) If a fair portfolio process repli-
cates a given nonnegative payo® at a given maturity date, then this portfolio
represents the minimal replicating portfolio among all nonnegative portfolios that
replicate this payo®.
Proof: A stochastic process ^ S±, which satis¯es relation (2.1) is a supermartin-
gale, see Shiryaev (1984). When equality holds in (2.1) then the process is fair
and its benchmarked value process is a martingale. Within a family of nonneg-
ative supermartingales with the same value at a given future payo® date, it is
the martingale among these supermartingales which attains almost surely the
minimal possible value at all times before the maturity date. This fundamental
fact about the optimality of martingales in a family of supermartingales proves
directly Theorem 4.1. ¤
The existence of unfair price processes under the benchmark approach creates new
realistic e®ects that can be modeled and are not captured by any classical no-
arbitrage framework. For a given replicable payo® it follows by Theorem 4.1 that
the corresponding fair replicating portfolio describes the least expensive hedge
portfolio. This is also the economically correct price process in a competitive
market. We emphasize that the Law of the Minimal Price generates a unique
price system for contracts and derivatives under the benchmark approach which
only relies on the existence of a num¶ eraire portfolio. As shown in Platen (2009),
pricing purely based on hedging or classical no-arbitrage arguments, as employed
under the classical Arbitrage Pricing Theory, see Ross (1976), can lead in our
11general setting to signi¯cantly more expensive prices than provided by fair price
processes.
5 Real World Pricing
De¯ne a contingent claim HT as a nonnegative payo® delivered at maturity










By the Law of the Minimal Price one can identify the corresponding fair price
process via the following real world pricing formula:
Corollary 5.1 If for a contingent claim HT, T 2 (0;1), there exists a fair
portfolio S±H that replicates this claim at maturity T such that HT = S
±H
T , then














Relation (5.2) is called the real world pricing formula because it involves the con-
ditional expectation Et with respect to the real world probability measure. This
formula can be interpreted in the sense of Cochrane (2001) as a pricing formula
that uses the stochastic discount factor (S
±¤
t )¡1. Also the closely related use of the
corresponding state price density, pricing kernel and de°ator are consistent with
the real world pricing formula (5.2) under appropriate assumptions. However, all
the classical pricing approaches exclude classical arbitrage, which is equivalent
to the existence of an equivalent risk neutral probability measure, see Delbaen &
Schachermayer (1998). In this manner they postulate the Law of One Price, see
for instance Ingersoll (1987), Long (1990), Constantinides (1992), Du±e (2001)
and Cochrane (2001) for classical no-arbitrage settings. The benchmark approach
with its real world pricing concept does not require a risk neutral probability mea-
sure to exist or equivalent classical no-arbitrage constraints and goes beyond the
Law of One Price. The real world pricing formula (5.2) only requires the exis-
tence of the num¶ eraire portfolio and the ¯niteness of the expectation in (5.1). No
measure transformation needs to be applied.
An important special case of the real world pricing formula (5.2) arises when HT
is independent of S
±¤
T . In this case one obtains the actuarial pricing formula
S
±H
t = P(t;T)Et(HT) (5.3)










that pays one monetary unit at maturity T. The fair zero coupon bond price
P(t;T) provides the discount factor in (5.3) in a way as it has been used intuitively
by actuaries for obtaining the, so called, net present value of HT. The real world
pricing formula provides a rigorous and general derivation of the actuarial pricing
formula that has been in use for centuries.
Let us now derive risk neutral pricing as a special case of real world pricing. For



















supermartingale property (2.1) of the normalized benchmarked savings account





;t ¸ 0g we have 1 = ¤0 ¸ E0(¤T). Together with equation














If the benchmarked savings account is not a martingale, then equality does not
hold in relation (5.6). To ensure equality in (5.6) one needs to impose the strong
assumption that the savings account is fair, that is, intuitively its benchmarked
value has no trend and is a martingale. In this particular case the expression on
the right hand side of (5.6) can be interpreted by Bayes' formula as the conditional
expectation of the discounted contingent claim under the, in this case existing,
equivalent risk neutral probability measure Q with Radon-Nikodym derivative
¤T =
dQ
dP . Only in this case when ¤ is a martingale the relation (5.6) yields, in














see, for instance, Harrison & Kreps (1979) or Karatzas & Shreve (1998). Here E
Q
0
denotes the conditional expectation at time t = 0 under the equivalent risk neutral
probability measure Q. By inequality (5.6) it follows that the fair derivative price
is never more expensive than the price obtained under some formal application
of the standard risk neutral pricing rule.
Finally, it shall be noted for not perfectly hedgable contingent claims that utility
indi®erence pricing, in the sense of Davis (1997), leads in the case of incomplete
jump-di®usion markets again to the real world pricing formula (5.2), see Platen
13& Heath (2006). Under real world pricing the hedgable part of the claim is repli-
cated via the minimal possible hedge portfolio and the benchmarked unhedgable
part remains untouched. In some sense, the real world pricing formula provides
the least squares projection of a given unhedgable benchmarked contingent claim
into the set of current benchmarked prices. The benchmarked hedge error has
zero mean and its variance is minimized. This generalizes also the notion of local-
risk minimization for pricing in incomplete markets, as advocated in FÄ ollmer &
Schweizer (1991), Hofmann, Platen & Schweizer (1992) and Schweizer (1995). In
practice, when benchmarked hedge errors can be diversi¯ed in the large book of a
well diversi¯ed bank or insurance company, then the total benchmarked hedge er-
ror vanishes by the Law of Large Numbers asymptotically from the bank's trading
book and the market becomes asymptotically complete from this perspective.
This shows that in practice real world pricing makes perfect sense. Any system-
atically more expensive pricing would make an institution less competitive. On
the other hand, any lower prices would make it unsustainable.
6 Strong Arbitrage
Since the benchmark approach goes signi¯cantly beyond the classical no-arbitrage
world it is of importance to clarify the potential existence of arbitrage opportu-
nities. In the literature there exist many di®erent mathematical de¯nitions of
arbitrage, and one has to ensure that the given modeling framework is economi-
cally viable.
Obviously, arbitrage opportunities can only be exploited by market participants.
These have to use their portfolios of total tradable wealth when trying to exploit
potential arbitrage opportunities. Due to the established legal concept of limited
liability, only nonnegative total tradable wealth processes have to be considered
when studying the exploitation of potential arbitrage. Therefore, any realistic
arbitrage concept has to focus on nonnegative, self-¯nancing portfolios.
An obvious, strong form of arbitrage arises when a market participant can gen-
erate strictly positive wealth from zero initial capital. This leads to the following
de¯nition of strong arbitrage, which was introduced in Platen (2002) motivated
by the supermartingale property (2.1):
De¯nition 6.1 A nonnegative portfolio S± is a strong arbitrage if it starts
with zero initial capital, that is S±
0 = 0, and generates strictly positive wealth with
strictly positive probability at a later time t 2 (0;1), that is, P(S±
t > 0) > 0.
The exclusion of the above form of arbitrage has been independently argued for
on purely economic grounds by Loewenstein & Willard (2000). Important is
that if only strong arbitrage is excluded, then weaker forms of arbitrage may
14still exist. However, this does not harm the economic viability of the market
model. For instance, there may exist, so-called, free snacks and cheap thrills, in
the sense of Loewenstein & Willard (2000), which usually represent situations of
systematic outperformance in the sense of De¯nition 3.4. Also free lunches with
vanishing risk, as excluded in Delbaen & Schachermayer (1998), can exist without
creating complications from an economic point of view. Furthermore, by looking
at any of the weaker forms of arbitrage one realizes that these cannot be exploited
in practice without providing adequate collateral, see Platen & Heath (2006).
This request however, makes the corresponding theoretical notions of weaker
forms of arbitrage questionable from their practical relevance. By exploiting the
supermartingale property (2.1) the following result can be established:
Theorem 6.2 There does not exist any nonnegative portfolio that is a strong
arbitrage.
Proof: For a nonnegative portfolio S±, which starts with zero initial capital, it
follows by the supermartingale property given in Corollary 2.3 that
0 = S
±











for t ¸ 0, where E(¢) denotes expectation under the real world probability. By
the nonnegativity of S±
t and the strict positivity of S
±¤
t , the event S±
t > 0 can only








This leads to the conclusion that S±
t equals zero for all t ¸ 0, which proves by
De¯nition 6.1 the Theorem 6.2. ¤
Theorem 6.2 states that strong arbitrage is automatically excluded in the given
general benchmark framework. Therefore, di®erent to the classical no-arbitrage
approaches, pricing by excluding strong arbitrage does not make any sense. In-
stead, one should use real world pricing which is economically and also theoreti-
cally meaningful, as we have seen.
7 Diversi¯cation
To conclude the paper we consider the practical problem of identifying or approx-
imating the Kelly portfolio of a given market. We will indicate how to construct
proxies for the Kelly portfolio that can be used for portfolio optimization and
valuation under the benchmark approach. For simplicity, let us consider a con-
tinuous ¯nancial market with its benchmarked jth primary security account value
15^ S
j
t at time t satisfying the driftless stochastic di®erential equation (SDE)
d^ S
j










for t 2 [0;1), with ^ S
j
0 > 0, see Platen & Heath (2006). The more general
setting of jump di®usion markets has been considered in Platen (2005) and forth-
coming work will generalize the results presented below, avoiding any particular
assumptions. In (7.1) W k = fW k
t ; t 2 [0;1)g denotes an independent standard
Wiener process, k 2 f1;2;:::g. A benchmarked portfolio ^ S±d with fractions ¼
j
±d;t
invested at time t in the jth primary security account, where j 2 f1;2;:::;dg
with d 2 f1;2;:::g, satis¯es the SDE
d^ S
±d















for t 2 [0;1), with ^ S
±d
0 > 0.
It is clear that the benchmarked Kelly portfolio ^ S¤
t equals the constant one and
its di®usion coe±cients vanish. This leads us to de¯ne a sequence (^ S±d)d2f1;2;:::g
of benchmarked approximate Kelly portfolios as a sequence of strictly positive



















A = 0 (7.3)
for t 2 [0;1).
Furthermore, a sequence (^ S±d)d2f1;2;:::g of benchmarked portfolios is called a se-
quence of benchmarked diversi¯ed portfolios if some constants K1;K2 2 (0;1)
and K3 2 f1;2;:::g exist independently of d, such that for d 2 fK3;K3 + 1;:::g
each fraction ¼
j








almost surely for all j 2 f1;2;:::;dg and t 2 [0;1).
If most benchmarked primary security accounts would have the same driving
Wiener process, then it may become di±cult to form a benchmarked portfolio
with vanishing volatility. To avoid such a situation we assume that the given
continuous ¯nancial market is regular, which means that for all t 2 [0;1) and















This allows us to prove, similar as in Platen (2005) and Platen & Heath (2006),
the following Diversi¯cation Theorem:
Theorem 7.1 In a regular continuous ¯nancial market each sequence of di-
versi¯ed portfolios is a sequence of approximate Kelly portfolios.
Proof: For a sequence of diversi¯ed portfolios it follows from (7.4) and (7.5)









































































which proves (7.3). ¤
Conclusion
A general ¯nancial modeling and pricing framework, the benchmark approach,
has been presented, which only assumes the existence of a num¶ eraire portfolio. It
turns out that this portfolio coincides with the Kelly portfolio, which is in several
ways the \best" performing strictly positive portfolio. It can be used as bench-
mark in the traditional sense of portfolio optimization but also as num¶ eraire in
derivative pricing. Under the benchmark approach, the classical Law of One Price
does generally not hold. It has been replaced by the Law of the Minimal Price,
according to which the minimal replicating price process for a given contingent
claim is trendless when expressed in units of the Kelly portfolio. By exploit-
ing this fact the real world pricing concept emerges with the Kelly portfolio as
num¶ eraire and the real world probability measure as pricing measure. Real world
pricing turns out to be the natural pricing concept for nonhedgable contingent
claims in an incomplete market. Certain weak forms of arbitrage may exist un-
der the benchmark approach that are excluded under the classical no-arbitrage
17approach. However, this does not harm the economic viability of the resulting
general modeling framework. It has been shown that diversi¯ed portfolios ap-
proximate asymptotically in a regular market the Kelly portfolio, as the number
of constituents increases.
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